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Abstract 

We show the existence and uniqueness of a DiPerna-Lions flow for relativistic 
particles subject to a Lorentz force in an electromagnetic field. The electric 
and magnetic fields solves the linear Maxwell system in the void but for 
singular initial conditions. As the corresponding force field is only in L 2 , we 
have to perform a careful analysis of the cancellations over a trajectory. 

1 Introduction 

An important open problem in the theory of renormalized solutions of the 
Boltzmann equation is to prove global existence for the Boltzmann-Maxwell 
system. Indeed, even though global renormalized solutions are known to exist 
for the Boltzmann equation [15] and global weak solutions are known to exist 
for the Vlasov- Maxwell system [TJ], there is no such result for the Boltzmann- 
Maxwell system. The main reason is that the two methods of proof turn out 
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to be incompatible. Indeed, on the one hand, the existence proof for the 
Boltzmann equation is based on the theory of renormalized solution and 
renormalization on the limit equation requires a minimal regularity on the 
vector fields. More precisely on needs W 1,p regularity, p > 1, see [13], and 
[2] for the extension to the BV case (we also refer to [11] for a very nice 
presentation of the main results). On the other hand, the existence proof 
for the Vlasov- Maxwell system uses a weak compactness argument that only 
uses averaging lemma and the solution constructed are weak solutions. It 
seems unclear how to put together the two methods since for the Boltzmann- 
Maxwell system the vector field for the transport equation in the phase space 
(x, v) is only known to be in L°°(0, T; L 2 (R 3 )) and hence we can not use the 
renormalization techniques for the limit. 

But of course we are here ignoring the extra structure coming from the fact 
that the electro-magnetic fields (E, B) solve Maxwell equations with some 
right-hand side. Let us also remark that for the Boltzmann-Maxwell system 
with long range interaction (without cut-off), existence of renormalized so- 
lutions can be proved since one has only to renormalize the equation on a 
regularized approximation (before the passage to the limit) and then take 
advantage of the strong convergence of f n (t,x,v) in all variables to pass to 
the limit and recover a renormalized solution (see [3]). 

The goal of this paper is to give a first step in the understanding of this 
problem, namely we study the case where (E, B) solve the homogeneous 
Maxwell system and take advantage of the different speeds of propagation 
between the slow particles and the fields which propagate at the speed of 
light. 

More precisely, we study the dynamics of relativistic particles in a given 
electromagnetic field. If one denotes f(t,x, v) the distribution function in 
phase space, then / solves the kinetic equation 

d t f+ J— r V x f + (E + vxB)-V v f = 0, x,veR 3 , 

V 1 + \ v \ (l.i) 

f(t = 0,x,v) = f°(x,v). 
for given E and B. 

Proving well posedness for Eq. (11 .11) is a completely open problem if one 
does not have any regularity for E and B, which is the case that we wish to 
consider here. Therefore we assume that both fields are solution to Maxwell 
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equations in the void. As an example, we will just consider the case where 



E(t,x) = d t \t J E {x + tuj)duj^ , B(t,x) = d t \t J B (x + 1 u) du \ . 

(1.2) 

Note that if E and B are only bounded then E and B have no extra 
regularity. Nevertheless it is possible to show that 

Theorem 1.1 Assume that E , B G L 1 n L 2 (R 3 ) and f° G L 1 n L°°(M 6 ). 
TTien i/iere exists a unique solution f G L°°(IR + , L P (IR 6 )) to (11. ip 

In our context, the first key point is that the particles solve a kinetic equa- 
tion (instead of a first order general transport equation). It has long been 
recognized that well posedness for kinetic equations is easier than for general 
transport equations. The BV case was obtained earlier in [I] (even improved 
to BVioc in [IS])- While, in the general case, it has been shown that the 
assumption of BV regularity is optimal (see the counterexample in [12J), it 
is possible to assume less for equations like (II. ip : H 3 ^ for instance in [TJ. 
However in more than dimension 1 (i.e. dimension 2 in phase space), if 3 / 4 
is the best that can be done for the moment. Here it is hence necessary to 
use the additional structure provided on the fields by (11.21) . 
Of course the result relies on the fact that the particles move with a velocity 
which is strictly less than the speed of light and hence the wave equation 
possesses some regularizing properties. This idea was already used in the 
existence theory of strong solutions to the Vlasov-Maxwell system [2T| [6| [TT] . 
also this idea is at the origin of the space resonance method used for instance 
in [12]. While this is perfectly satisfactory for the application we have in 
mind, one could nevertheless wish to study the interaction of particles with 
fields that are propagated at several different speeds, possibly comparable to 
the particles' velocity. 

We offer a partial answer in an essentially 1 — d setting in x and now turn to 



d t f + a(v)d x f + F(t,x) -VJ = 0, xeR,ve... 
f(t = 0,x,v) = f°(x,v). 



The function a is assumed to be Lipschitz: a G W l,oc (M> d ) and satisfies a 
genuine non linearity assumption: There exists C such that for all w G M 
and rj > 0, we have 

\{v, \a(v) -w\ < r)}\ < Crj. (1.4) 
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The force field F is assumed to be given by 



F{t,x) = J2 F °( x -^t) P. 



(1.5) 



n 



with F° G L°°, together with the bound on the /i. 



•n 



37 > 



2, ^(l + ^)/i n <oo. 



(1.6) 



n 



Note that whereas x is necessarily 1 dimensional, there is no such constraint 
on v . So for instance, Eq. (jl.ip in the radially symmetric case would fit in 
this reduced framework. 
We have 

Theorem 1.2 Assume ffL6]) . taen /or any /° G L P (R x M d ) /or p > 1, there 
exists a unique solution f G L°°(]R + , L P (R x M. d ) to Eq. (jl.3p where F is 
given by (11. 5p . 

In this 1 dimensional context, many results are already known. If v G M, 
a(v) = f and F(t, x) = F°(x) is autonomous then well posedness was already 
obtained in [5], with an extension when F° is only L p in [18]. The key for 
both results is the Hamiltonian structure which implies the propagation of 
the total energy v 2 /2 + $(x) with — $' = F° which allows to compute t> in 
terms of x (up to a sign). 

This type of result was extended to general, autonomous transport equations 
in dimension 2 with a force field of bounded divergence, which is hence "close 
enough" in some sense to the Hamiltonian case. An additional assumption of 
noncharacteristic curve is also needed (this would correspond to (11 .4p here); 
we refer to [9], [8] and [1] which has the most general assumptions. 
Eq. (jl.3p is still a kinetic equation: Even though strictly speaking, we are 
not in a Hamiltonian case as v G M. d , it is very close to the earlier formulation 
of [5] or [18] (more than the later extensions). But Theorem [T72] is not limited 
to autonomous F which is the real improvement here. Unfortunately it is 
still not as general as one would like as we still have to assume some structure 
on the time dependence of F given by (ll.5p - (ll.6p . 
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2 Proof of Theorem 



1.1 



2.1 Definition of the functional and reduction of the 
problem 

As the structure of E and B is essentially the same, we only study the 
following equation 

dj + j=L= ■ VJ + Fit, x, v) • V„/ = 0, (2.1) 

with 

F(t,x,v) = v(v)dt\t J F (x + tuj) du^j , (2.2) 
with v a C°° function of v. 

Following the now classical connections between transport equations and 
ordinary differential equations, described in [13] or [2], Theorem II .H is implied 
by the existence and uniqueness of flows to the ODE 

±X(t, x, v) = - V ^ x ^ => * V (t, x, v) = F(t, X), 

dt 1 ; y/l + V 2 (t,x,v)' dt 1 ' ' ; 1 ; ' (2.3) 

X(0,x,v) = x, V(0,x,v)=v. 

As flows the solutions are required to satisfy 

Property 1 For any t G M the application 

(x, t))el 3 xl 3 4 (X(t, x, v), V{t, x, v)) 6 I 3 x I 3 (2.4) 

is globally invertible and has Jacobian 1 at almost every (x,v) G M 3 x R 3 . 
it afeo defines a semi-group 



Vs, t G K, X(t + s, x, v) = X(s, X(t, z, u), V(t, x, v)), 

and V(t + s, x, v) = V(s, X(t, x, v), V(t, x, v)). 

Theorem 11.11 is then equivalent to 



(2.5) 



Theorem 2.1 Assume that F satisfies Equation (12.21) with initial data Fq G 
L 1 nL 2 (IR 3 ). Then there exists a unique solution to (12.31) satisfying Property^ 



5 



Our strategy here is to derive explicit quantitative estimates on the tra- 
jectory. A functional was introduced in [TU] for that (see also for an 
extension). We use here the modified functional introduced in [7J specifically 
for kinetic equations: For any compact domain Q C K 6 we look at 



Qs(t)= [ to g (i + -L|7 



sup \X(t, x, v) — X (t, x, v)\' 

v 0<t<T 
T 

Su „ „.\|2 



+ / \V(t,x,v) - V d (t,x,v)\ 2 dt A 1 



o 



dx dv 



where (X, V) is a solution to ( 12. 3ft (or a regularized version) satisfying Prop- 
erty ED and (X s , V s ) is either a solution to a regularized version of ( 12.31) or 
verifies 

3(5i,yel 6 with 10*1, <J 2 ) I < S, 

(X 5 ,V 5 )(t,x,v) = {X,V)(t,x + 6 1 ,v + 8 2 ). ( "' l>) 

In the following, we will frequently abuse the notation 5 for in fact \8\. 
Then Theorem 11.11 is implied by 

Proposition 2.1 For any Q compact, any F G L 1 fl L 2 (IR 3 ), there exists 
a function if) depending on T, Q and F°, such that for any (X, V) solution 
to (12.31) with F given by Equation (II. 2]) ; satisfying Property^ and (X s , V s ) 
satisfying (12.61) . 

g 5 (T)<T^(-log|5|), 

with 

— y 0, as ^ oo. 

The connection between Proposition 12.11 and Theorem 12.11 is simple and we 
refer to [TU] or [7] for a detailed explanation. Note however that it is not 
possible to obtain a direct Lipschitz estimate here and it is necessary to 
distinguish between X — X s and V — V s as in Q$. 

2.2 Proof of Proposition I2.lt First steps 
2.2.1 Truncation of large velocities 

First note that, by the usual estimates on solutions to wave equations, since 
Fq is in L 1 fl L? then so is F(t, x) and B. Indeed 

F(t,x)= I F (x + tu) du + t / u ■ V x Fq(x + tu) du . 
Js 2 Js 2 
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The bound is obviously true for the first term. As for the second, applying 
Fourier transform in x yields 

Ft! u-V x F (. + tu)<kj = F (Z)t [ e it * u u-Zdu = F (Z)M t (Z). 
Js 2 Js 2 

The multiplier M t (£) is bounded uniformly in t. 
This means that for any K, 



, fl h(x,v)\ J T \F(t,X(t,x,v))\ dt>K} d l <lr 



J 

Jn 



Therefore denoting by Qk 



l^(x,v) eQ s.t. \F(t, X(t, x, v))\ dt < K 



T 

Si 



and / \F(t, X (t, x, v))\ dt < K 



one deduces that \Vt \ Q K \ < CT/K 2 and hence 

CT 



with 



(2.7) 



Qs(T)<j^\\og5\+Qf(T), (2.8) 



Qf(T)= f logfl + J-f sup \X(t,x,v)-X s (t,x,v)\ 2 
Jn K V l d l \o<t<T 

+ jf |V(t,a:,u) - a?, v)| 2 dt^ dx du. 

Finally note that for (x, i>) in $7^ 

< \v\ + K, \X(t,x,v)\ < \x\ +t\v\ +tK. 

As (x,v) G f2 which is compact then for some constant C, |V| + \X\ <CK 
and the same is of course true for X 5 and V s . 
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2.2.2 The free transport contribution 

Now let 

A s (t,x,v) = \5\ 2 + sup \X(s,x,v) - X s (s,x,v)\ 2 



0<s<t 

ft 



+ / \V(s,x,v) - V s (s,x,v)\ 2 ds. 
Jo 

Compute 

Aio g [ l + -L( sup \X(s,x,v)-X s (s,x,v)\ 2 
at \ \o\ ^o<s<t 

+ J \V(s,x,v) -V s (s,x,v)\ 2 ds^j 



d 



(sup \X(s,x,v)-X s (s,x,v)\ 2 j +(V(t)-V s (t)) 



A 5 (t,x,v) \dt \o< s <t 

x [\f(s, (X, V)(s, x, v)) - F(s, (X 5 , V 5 )(s, x, v))) ds 
Jo , 

Recall that for any / e BV(0,T), we have 

| (max /( S ) 2 ) < 2\f(t)f(t)\ < A\f(t)\ 2 + \\f\t)\ 2 . 
And in addition 



\d t x - d t x s \ 2 = \v/y/i + \v\i - v s /y/i + \v s \\ 2 < 4|y - v 5 \ 2 . 

Hence we deduce from the previous computation that 

Qs(T) < f f *\X-X>\' + \V-V>\'/2 dt dx dy + q s(t) 

As(t,x,v) 

lJn K Jo A s (t,x,v) 



n K Jo 



If r T \v - V 5 \ 2 
<8\n\(l + T) + Q s (T) + - / i— \dtdxdv 



where, 

" T V s (t,x,v) - V(t,x,v) 



Qs(T) = 2 




A 5 (t,x,v) 

[ (F(s, (X s , V s )(s, x, v) - F(s, (X, V)(s, x, v))) ds dt dx dv. 
Jo 



>n K Jo 
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Remark that 



dt dx dv < [ [ ^ 5 ( — L^l dt dx dv 



n K Jo As(t,x,v) Jn K Jo A 5 (t,x,v) 

< Of CO, 

where we recall that As(0,x,v) = 5 2 . Therefore, we have 

Qf(T)<8\Q\(l + T) + 2Q s (T), 
and it is enough to bound Qg(T). 

For technical reasons related to some interpolations that will be explained 
later, we will bound a more general term than Qs, namely 

n ( rr\ o f f T VS(t,x,v)-V(t,x,v) 



'n K Jo 



f 

Jo 



A$(t,x,v) 



(v(V s 5 ) G(s, X s (s, x, v)) - v{V s ) G(s, X(s, x, v))) ds dt dx dv, 



where we assume that G satisfies the same assumption as F, namely 



G(t, x) =d t [t J G { \x - cut) duj . (2.9) 

In the term Qs we decouple the connection between the dynamics of (X, V) 
and (X s , V s ) which is related to F and the G function which appears in 
Qs- This means that Qs is now linear in G° which will later allow us to use 
interpolation theory. 
Let us remark that 



Qs(T)< [ f \u(V) + u(V s )) 
Jn K Jo 



V(t,x,v) - V 5 (t,x,v) 



n K Jo 



A s (t,x,v) 
(G(s, X s s ) - G(s, X,)) ds dx dv dt 

V(t,x,v) - V 5 (t,x,v) 



A s (t,x,v) 



[ (G(s,X 5 s ) + G(s,X s ))dsdxdvdt. 
Jo 
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As v is lipschitz the second term may be directly bounded by 

" T \V{t,x,v) - V 5 (t,x,v)\ 2 



C 



K 



n K Jo 



A s (t,x,v) 
(\G(s,X s s )\ + \G{s,X s )\)dsdxdvdt, 

where Ck = max B ( 0i c k) \Vv(K)\. Note that 

A s {t,x,v) ~ J s A s ~ 51 1 

Hence by Fubini 

Qs(T) < 2 1 siT) + C K T\ log \5\\ (\\G°\\ L x + \\GP\\v>), 

with 

" r \V(t,x,v) - V 6 (t,x,v)\ 



(2.10) 



Is = v{K) 



n K Jo 



A 5 (t,x,v) 

[ (G(s,X 5 s )-G(s,X s ))ds 
Jo 



dx dv dt. 



2.3 Proof of Proposition 12.1b The main bound 



The term Is is quite technical to bound and we hence summarize the com- 
putations in the following lemma 

Lemma 2.1 For any G satisfying (12.91) with G E L 1 fl L 2 (IR 3 ) and any 
(X,V) solution to (12. 3p with ([I]), any (X s , V s ) verifying (12. 6p . there exists a 
constant C depending only on T, s.t. 

I S <C u(K) K 10 | log \6\\ (\\G°\\ L i + ||G°|| i2 ) (1 + ||F°|| L2 ). 



Beginning of the proof of Lemma 12.11 Write 

/ (G(s, X 5 S ) - G{s, X s )) ds= [ [ (G°{X S - us) - G°{X 5 S - us)) duds 
Jo Jo Js 2 

+ f [ {u -V x G°{X s -us) -u -V X G°{X 5 S - us)) s duds. 
Jo Js 2 
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Introduce the two changes of variables 

$x(s, uj) = X s - slu, = Xg - SOJ. 

The Jacobian of the transform is 

J x = Cs 2 \X s -u-l\, 

and the corresponding formula for J x s. Denote (sx,ojx)(z) the inverse of 
$x, namely z = X Sx(z) - s x (z)u x (z) and O x = \J se [o, tj^es 2 ®x(s,w). One 
can easily prove that 

O t x = B(X(t,x,v),t). (2.11) 
One inclusion is indeed obvious and as for the other one, note that 
\$x(s,u)-X(t)\ <s + \X(s)-X(t)\ < s + |t- s |, 

as \X\ < 1. 
One obtains 

| / (G(s,X s a )-G(s,X s ))ds\<A+\B\ + \C\+D+\E\, 
Jo 



with 

A = 



I 



Cdz 



s x \X s ■ u x - i\ 



O x \O xS 

+ 



o xS \o x 



\G°(z) 



Cdz 



B 



G°(z) 



s 2 xt \Xf - u x s - 1\ 
C 



(2.12) 



C 



s\\X Sx -u x -l\ s x s\X s SxS -u x s-l\ 
which correspond to the term without derivative, 



dz, 



C 



G°(z) 



C 



8B(X(t),t) 



s x \X Sx -oj x - 1 



dS(z) 



G°(z) 



C 



8B(X s {t),t) 



sx*\ x ! x s " w x* - 1| 



dS{z), 



D 



0*x\0* xS 



\G°(z) 



C 



+ 



[ \G°(z)\ 



s x \X s -u x -l\ 
C 



dz 



(2.13) 



U x s 



s 2 xS \X 5 s ■ u x s - 1\ 



dz, 
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and finally 



E 



o\r\O l 



G°(z) V, 



- V 2 



s x \X Sx -oj x - II 



C oo x s 



(2.14) 



s xA x ! x t -i| 



Note that C is a boundary term coming from the integration by parts. We 
hope there is no confusion since C is used for constants that may change from 
one line to the other. We denote by Ia,- ■ ■ Je the integrals, over Q K x [0, T] 
of the previous quantities multiplied by 



Hv t ) + v{v t 6 )) 



s .. \V(t,x,v)-V s (t,x,v)\ 



A s (t,x,v) 



2.3.1 Bound for I B 



As part of the bound for Ig uses the same steps, we prove here a more general 
result on quantities like Is- We call them Ismod- 

Lemma 2.2 Assume that H e W 1,co and that 4/3 < p < 2, then one has 
for some constant C depending on p and the norm of H and for k = 1,2, 



<-Bmod 



:=v{K) 



\Vt-V t S \ 
o Jn K Ag(t, x, v) 7o* Y no*„ 

H(s x s,u x s 



\G°(z) 



H(s x ,u x ) 



\X s s -u x -l\ 



<CK™u K y/^£\6\(\\GP\\ L i 



dz dx dv dt 



\G°\ 



LP j 



Lemma [2721 with k — 1 and H constant implies that for 4/3 < p < 2, we have 

Ib <Cv(K) ArV-log|5|(||G°|Ui + \\G°\\ L p). (2.15) 
Proof of Lemma 12.21 Denote 

H{s x ,u x ) H(s x s,u x s) 



Bmod 



\G°(z) 



Ot no* 



s\ \X SX ■ u x - l\ k 



dz. 
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Recall that X s = V s /y/T+V? and that \V a \ < CK, so that \X S \ < /l 
1/(CK) and \X S ■ u - l\ > 1/(CK). Then 

H{s x ,u x ) H(s x s,u x s) 



s\\X s -u-l\ k s> xS \X*-u x ,-\\* 

f 1 1 \ 











(4 















, ( 1 1 














-V s 1 


+ K 





S X S X S 

On the other hand, by definition X Sx — s x oj x = X% g — s X 8 ui x s , so 

$x (s x ,ux)-®x (s x * , Wjc*) = ^ x - - s x w x + s x « = Xf ^ - X SxS . 

(2.16) 

Recall that \u x \ = \uj x s\ = 1. Therefore ui — s x s u x s\ > \s x — s x s\ and 
as\X Sx -X SxS \<(l-l/{CK))\s x -s x s\, 

\s x -s x s\< max \X,-X s a \ + {l-l/(CK))\s x -s xl \, 

s<inf(s x ,s x s) 



which implies 



\sx - s x s I < max \X S - X 5 S \ 

s<inf(s x ,s xS ) 



Using this estimate in (12.161) . one concludes that 



\ s x — s x s I < C K max \X S — X 

s<inf(s x ,s x s) 



S\ 
s I > 



-- 




\sx 





\lo x — co x s I < C K max \X S — X s 

s<inf(s x ,s x s) 

Inserting this in the term Ismod enables to bound it by 

r T r \v(t 1 x,v)-v s (t,x,v)\ 

L Jn K As(t,x,v) 



(2.17) 



iBmod <C K k+2 Vk 



( / \G\z)\ max \X a -X\\ ( i- + 4 



X<5 

5 



G?2 



.... / | ( v" ( -)| 1 2 ^ + \ v *x* ^ 1 f/: 1 f/f . f/( , (// . 
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with u K = max.B(o,K) W(v)\. 

Changing back variables to s, uj, one eventually finds 



I Bmod <CK k+2 u K f [ 
Jo JQj 



\V(t,x,v) - V s (t,x,v)\ 



n K A s (t,x,v) 
1 max r < s \X S - X s s 



o 6 Js 2 

t 



\G°(X S + su)\duds 



+ 



n\G°(X s + su)\ \V 8 — Vg\ duds + symmetric terms j dxdvdt. 
~' 2 J 

(2.18) 

Note that 

max \X S - X s s | < yfe \v r - V r 6 \ 2 dr^j ' < ^7s y/A s (t,x,v). 
Hence by the definition of Ag 

J J Uk A s (t,x,v) J s Js 2 

< f s- 1 ' 2 [ [ \G°(X S + su)\ dco f lV ~ HM ^-dtdxdvds. 

J0 Jn K Js 2 Js y/As(t,X,v) 

However as \V - V 5 \ 2 < d t A s 

I* v-v\«, x ,v) dt<VT (r v-vnt,*,*) dt \ 1/2 

Js ^A s {t,x,v) ~ \Js A 5 (t,x,v) ) (2.19) 

<cy-io g |<y||, 

one deduces that 

\V -V 5 \(t,x,v) [* m aXr < s \X a - X s s 




I m^ s \X s -X s \ I lG o {Xg + suj)ldujds 
Jo s Js 2 



o Jn K A 5 (t,x,v) Jo .s JS 2 

< Cy/-log\5\\ [ s- 1 ' 2 [ [ \G°(X s + suj)\dujdxdv 
Jo Jn K Js 2 

<CK 3 y/-log\S\ \\G°\\ L i, 

14 



by a change of variables. 

Let us turn to the second term in (12.181) . Denote 



G(s,x) = I |G u (x + su)\du. 

I S 2 



By Cauchy-Schwartz, and since Ag(t) > f Q \V — V 



5 12 



T 



\V- V 5 \(t,x,v) f* 



o Ja K A 5 (t,x,v) 



[ [ \G°{X S + su)\\V s -Vf\dudsdxdvdt 
Jo Js 2 

V -V 5 \(t,x,v)dt 



<c I ( [ T \G( Sl x s )\ 2 ds) / r iT/ ZlL 

>n K \Jo J Jo s/A s {t,x,v) 



dx dv. 



Hence 



T 



\V -V s \(t,x,v) f f 



o Jn K A s (t,x,v) J J S 2 



\G°{X S + su)\ \V S - V s 5 \ du ds dx dv dt 



<C^-\og\5\ f ([ |G(s,X s )| 2 ds) dxdv 
Jn K \Jo J 

< C|0| ^-\og\5\K* / 

Jo 



\G(s,X s )\ 2 dxds. 



By the usual estimates on solutions to wave equations (see for instance 
chapter. 8, 5.21), one has 



Lemma 2.3 For any 4/3 < p < 2, there exists C < oo such that for all 
G° E L p D L 1 , we have 



G°(x + sou) du 



52 



1? 



<Cs 3 / 2 ~ 3 ^(\\G \\ L , + \\G°\\ LP ) 



Combining all estimates and using Lemma 12.31 (note that 3 — 6/p > — lif 
p > 4/3), one finally obtains 



iBmod < CK 5+k u K V-hg\8\ (||G°|| L i + \\G°\\ LP ) . (2.20) 
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2.3.2 Bound on I A 

Note that O x \ O xS = B{X u t) \ B{X s t ,t). Since \X S \ < 1 - l/CK with the 
same for X s , one has that for any ui G S 2 

\X 5 t -X s - su\ < \X* - x\ + \X S - x\ + s < t (1 - l/CK) + 2s < t, 

if s < t/(2CK). Therefore 

VzeO x \O xS) Sx (*)>JL, 



A<*^- [ \G°(z)\dz+ < ^ [ \G°(z)\dz. 
Now we introduce the following modified maximal operator 
Mg(x) = sup J \g{z)\dz. 

rj<e £ T\ J E — n<\z—x\<E 

Note that for example if z E O x \ O x& then \z — X t \ < t and t < \z — Xf\. 
Using that \z — X%\ < \z — X t \ + \X t — X$\, we deduce that 

*- \X t -X*\ < \z-X t \ < t. 

Hence, one controls A with MG° as 

A < C K 2 \X t - X s t \ (MG°(X t ) + MG°{X s t )). 

This allows for an easy bound on I a in terms of the L 1 norm of MG° 



I A = [ [ (u(V t ) + u(V t s ) ^. Vt ' A dx dv dt 
Jo Jn K A s (t,x,v" 

rT p it/ t/(5 



<CK 2 v[K) [ [ ^ Vt * ( MG° (X t ) + MG° (X*)) dx dv dt 
Jo Jn K ^/A s (t,x,v) 

<CK 5 v{K) v^bglj ( [ |MG°(x)| 2 ) ' , 

\J\x\<CK J 

by the change of variable (x,v) -»■ (X t , V t ) (or (Xf, V t 5 )) and f l239|) . 

We hence need to estimate MG°. As it is defined, it turns out that it is of 

the same order as the spherical maximal operator for which bounds are well 

known 
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Lemma 2.4 \/p > 3/2, 3C > s.t. for any smooth function g 

\\Mg\\ LP{R 3} < C \\g\\ L p- 



Proof of Lemma 12.41 Simply note that 



! \g{z)\dz< f ( \g(z)\dS(z)dr<C V e 2 M s g(x), 

J e— r)<\z— x\<e J s—ri J S(x,r) 

where Ms is defined by 

M s g(x) = sup f \g(z)\dS(z). 

r JS(x,r) 

It is proved (see [23]) that in dimension 3, Ms is bounded on L p for any 
p > 3/2 (the limit exponent is sharp) which easily implies the lemma. 
Note that this exponent is also sharp for M as obviously 



sup- / \g(z)\dz>C / \g(z)\dS(z) 

r)<e V J £ - v <\z-x\<e Js{x,e) 

And so Mg > C M s g. □ 

Coming back to I a one concludes that 

Ia < CK^ 2 u{K)^y^5\\\G°\\ L 2. 



(2-21) 



2.3.3 Bound for I, 



c 



Note that on dB(X t ,t), one obviously has sx = t and ux = (z — X t )/t. 
Hence 



dS{z) 



G°(z)- . 

dB(X t ,t) S X \X SX -U X — 1\ 



52 \X t -u - 1\ 



One finds that 
I c < CK 2 v{K) 



T w - V s \ 2 

' ' t I \G°{X t + tu)\dudxdvdt 



n K Jo 



n K Jo 

\Vt-V? 
A s (t) 



A 5 (t) 



G°(X t + tu) -G°(Xf + tu) 



,92 



\Xf-oo-l\ 



dbJ 



dx dv dt, 



T 1 + T 2 
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Let us deal first with Noticing as before that 



\v t -v t s \ 2 



A 5 (t) 

Then denoting by W the usual wave operator 



Wg(t,x)=t / g(x + tcu) du, 
Js 2 



is 2 

one finds, after integration by parts in time, that 

l l c <-CK 2 v{K) f [ log A s d t [W\G°\(t,X t )] 
Jo Jn K 

+ CK 2 [ logAs(T,x,v)W\G°\(T,X T ) 

JQ K 

< CK 13 / 2 u(K) |log|<J|| (\\d t W\G°\\\ L 2 + ||W|G°||| £ 2). 

Of course (d t , V;c)l^|G | is bounded in L 2 by the norm of G° in L 2 as can be 
seen by taking the Fourier transform 



K\ 



Js 2 

Consequently 

4<C , ^ 13/2 z/(^)|log|5||||G' || L 2. (2.22) 
Let us now turn to Iq. We have to define the modified wave operator 

W t9 (x,v) = t f | 9 v {X + tUJ \. dco. (2.23) 
Js 2 l^j- 



Js 2 I tttT^ • w - 1 + 



Note that Wt enjoys the same regularizing properties as W. In particular 

for some smooth function of v and w. Therefore for any k 

||V x V^|| LgB < C k K k+7 / 2 \\g\\„, (2.24) 
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where the L 2 V norm is taken over any regular compact subset of M 6 included 
in B(0,K). By taking k large enough (k = 2 for instance) and by Sobolev 
embedding, one may conclude that 

\\V x W t g\\ Ll{L ^<CK x ^ 2 \\g\\ L ,. (2.25) 

Notice now that 

G°{X t + tu) -G°(Xf + tuj) 



■ du 



\W t G°{X t , V t 5 ) - W t G°(X*, V t s ) 



s> \Xf-u-l\ 
< \X t - X s t \ (M t \V x W t G°(Xf, Vf)\ + M t \V x W t G°(X t , V t s )), 

by applying Lemma 3.1 in [20], where we defined the modified maximal 
operator 

M, 9 (x)- 1 t g(z)dZ 



\8\ + max r < s \X r - X 8 r \ J B (x,m^ r < s \x r -xs\) \z - x\ 2 ' 
one has 

4 < Cu(K) [ f lVt Z^ ] (M t \VW t G%X*,V t 5 )\+M t \VW t G°(X t ,V t 
in K Jo <■/ AAt\ \ 



t-21 i t-22 
1 C J C ■ 



The first term can be easily bounded as it is symmetric. By Cauchy-Schwarz, 
we have 



If <Cv{K)K z v^oil ( Qf j\M t \V x W t G\X 5 t ,V t & )\) 2 dtdxdv j 
Now by Fubini and a change of variable 



x 1/2 




n K Jo 



T 

{{M t \V x W t G {X*,V t 5 )\) 2 dtdx dv 
< [ [ (M t \VW t G°(x,v)\) 2 dxdvdt 

Jo JB(0,CK) 

<C I [ \V x W t G°(x,v)\ 2 dxdvdt, 

J0 J B(0,C K) 
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by the continuity of M t on L 2 . By the bound (12.241) . one may bound 

4' 1 < Cv(K)K n/2 \\G°\\ L 2. (2.26) 

The other term is not symmetric, as it mixes Xf and V t . It is hence more 
complicated but it can still be handled in a roughly similar way 

/ r T r „ ^ 1/2 

I 2 d 2 <Cu(K)K 3 ^\h^6\ I / M t (\V x WG°(X t ,V t 5 )\ 2 )dxdvdt 

Now note that 

M t g(x) < 

JB(0,K) 

Hence one gets 

if <Pv{K) K 3 |log<5| 1/2 





\g{z)\ dz 


(1*1 + 1 


z — X ) 


z — x\ 


2 



^~ ' ^ ' * dz dx dv ds 



1/2 



J{B{0,K))Z 



+ \z-X t \)\z-X t 



Therefore 

l 2 6 2 <Cv{K) K^log^l 1 / 2 



dz dx dv ds 



sup w 


\V x WG°(z,w)\ 2 


(1*1 + 1 


z-X t \)\ 


z-X t \ 2 



'0 J{B(0,K)) s 

Now by the usual change of variables, we get 

J 2 ' 2 < Cv{K)K^ 2 1 log <5| HV^Gl^i-). 

Using (12.251) . one deduces that 

J 2 ' 2 < CV(if) if 12 |log5| ||G°|| L 2. 

Therefore, combining with ( 12.221) and ( 12.261) . one finally concludes that 

I c < CK 12 u{K)\log5\ \\G°\\ L 2. (2.27) 

We did not deal with this term in a very subtle manner here. However to 
improve the result, one would need to do L 1 or at least L p bounds (instead 
of L 2 ). Note as well that other terms anyway impose the use of the L 2 norm. 
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2.3.4 Bound for / 



D 



This bound essentially follows the line of I a in a slightly more complicated 
way. 

First of all, one may easily compute the derivative as 



U X 



u x ■ x Sx - 1 ' s x y u x ■ x sx - 1 

and the corresponding formulas for s x $ and u x s- Hence 



(2.28) 



Cu x 



sx \X Sx ■ u x - 1| 



< 



C\l + V s 



sx I 



< 



s 2 x \X SX ■ u x - 1| 2 
C\l + F(s x ,X Sx )\ 

s 2 x \X SX ■ ux - 1| 2 



Inserting the corresponding terms in Id, one finds that 

" T \V t -V t 5 \ f \G°(z) 



Id <C K 2 v{K) I I '" '« 1 / l^-pi\i + F( 8Xl X ax )\ 

Jn K Jo A s{t) Jo x \o xS s x 

+ symmetric term. 

The only difference with I a is the additional term F(sx, X Sx ). Now, note 
that as before 

O x \O x s C {t-\X t -X 5 t \ < \z-X t \<t}. 
Hence, using spherical coordinates, one gets 



I D <CK 2 u(K) [ f ] \^f \l + F{s,X s )\ 

Jn K Jo A s{t) Jt-\x t -x*\ 

/ | G° (X t + s u) \ du ds dt dx dv + symmetric 
Js 2 

<CK 2 u(K) [ [ l M s G°(X t ) [ \l + F(s,X s )\ds 

Jn K Jo A s{t) Jt-\x t -x$\ 

+ symmetric, 
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with M s as before the spherical maximal function. By Cauchy-Schwartz 

-T It/ _ T/512 



I D <CK 2 u(K)l [ [ lV \ % \ ( Ms G°(X t )) 2 dtdxdv 
\Jn K Jo A s{t) 

f f T \X X^ I f t 

/ / \ , x / (1 + F(s,X s )) 2 dsdtdxdv 

Jn K Jo A s{t) Jt-\x t -x s t \ 

The second term is bounded, using Fubini and then changing variables to 
(x,v) from (X s , V s ), and is less than 

CK 6 ||F||| 2 < CK 6 T ||F°||| 2 , 

as the wave operator propagates the L 2 norm. 

As for the first term, change variables to (x,v) from (X t , V t ) to bound it by 

I (m s g\ x) ? f , ^-y^r^))\\ dtdxdv 

Jb ( o,k) Jo P + 5l\V,(V,-\x,v))-VS(V t -\x,v))\*ds 

Note that by the semi-group property, one still has that 

\v - V t s (V t -\x,v))\ 2 = d t f \V s {V t -\x,v)) - V s 5 (V t -\x,v))\ 2 ds, 

Jo 

and hence the previous term is bounded by 

V-log|5| / (M s G°(x)) 2 dxdv < CK 3 V- log |5| \\G°\\ L 2, 

JB(0,K) 

as the spherical maximal function is bounded on L 2 . 
Combining all the estimates, one eventually finds that 

Id < CK ll ' 2 v(K) v^bgTjUG !!^ ||F°|| L2 . (2.29) 

Like I c this term requires the L 2 norm of G°. Contrary to I c though, the 
computation here naturally produces a quadratic term in G° and F° and one 
does not see very well how to improve on it. 
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2.3.5 Bound for I E 

Applying formula ( I2.28p . and recalling that <fi < 1, we can decompose E into 



\E\ <C 



+ 



\G°(z) 



O* no* , 

X X 5 



H(s x ,Wx) 



H(s x s,Ux s 



G°(z) 



s\ \X SX ■ uj x - 1| 2 s\ s \X a . -Uxi-1 



V sx ■ uj x 



dz 



s x (X Sx ■ uj x - l) 3 

V s Y s 'MX' , . 

dz 



E 1 + E 2 . 



for some explicit smooth function H whose exact expression is unimportant 
here. 

The term l\ is bounded by a direct application of Lemma 12.21 



I\ < Cv{K) K 7 ^\og\5\{\\G°\\ L i + \\G°\\ LP ). 



(2.30) 



As for E 2 , we change back variables to find 



E 2 < 



(V a - V s s )cf>(s) ds 



+ 



V„s 



G°(X S 



su 



s 2 



:i-x„'cj) 



loG°(X 5 s +suo) 



duo 



E 2,l + E 2,2 



with 



(s) = s [ G (X s + su) — 
Js 2 1 



X x ■ oo) 



duo. 



The term E 2 ' 2 is treated in a similar manner as the previous ones (note in 
particular that V s is bounded in L 2 by ||F°||£2). We instead focus on E 2 ' 1 
and remark that by integration by part 



j2,l < 
1 E — 



n K Jo 



5 1 2 



+ 



Ok JO 



\Vt-Vj 

Mt) 

~ \Vt-Vt S 

Mt) 



\4>(t, x, v)\ dx dv dt 

\V S — Vg\ \d s 4>(s,x,v) \ dsdtdxdv. 
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Note that 




\v t - v/\ 2 

\(j)(t,x,v)\dxdvdt 



>S1 K Jo Mt) 

<CK 2 ! [ d t \og(A s (t)\)t I \G°(X t + tu)\du 
Jn K Jo Js 2 



< 



CK 2 \\og\5\\ [ [ T d t (t [ \G°(X t + tu)\du) 
Jn K Jo \ Js 2 J 



dt dx dv. 



We remark that 



dt(t J^g(X t + tu)du 



<CK 


«/ 




Js 2 



+ / \g(X t + tu)\du, 
Js 2 



which implies that this term is bounded in L 2 by the L 2 norm of g. Conse- 
quently 



. lV \ ^ \<p(t,x,v)\dxdvdt<CK 2 \\og\5\\\\G°\\ L 2. 
n K Jo A s{t) 



As for the other term in E ' , compute 



< I : h S 



s 2 (l-X 8 -u) 



qu-VG°(X s + suj)ou 
s 2 (l-X a - u) 2 



ds 



+ CK 6 \V S \ / \G"(X s + su)\ds. 
Js 2 

The first two terms are treated similarly as before. For the last term note 
that by Cauchy-Schwartz 

, ^ V VuP I \ v *- v !\\Vs\ I \G°(X s + suj)\dsdtdxdv 
iu K Jo A syt) Jo Js 2 




< 



T r t 




\v - v 5 \ 2 \ 1/2 

VA 2 1 1 . ,y dsdtdxdv) 



>n K Jo Jo 

-T 



Mt) 




0, Y v2SS\Vs-V<\ 2 d8 



v 1/2 

dsdtdxdv I , 

Mt) J 



|M 5 G U (X,)| 



n K Jo 
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with as always Ms the spherical maximal operator. Since G° £ L 2 , Ms is 
bounded on L 2 and V s is also bounded in L 2 by the L 2 norm of G°, 



I I —a TX ^ / \Vs-Vs\\Vs\ [ \G°(X S + su)\dsdtdxdv 
Jn K Jo A s{t) Jo Js 2 

<CK 3 ^hM\\G°\\ 2 L i- 

We conclude that 

Ie < Cis(K)K 7 y/-log\5\(\\G°\\ L i + \\G°\\ L 2 + \\G°\\ L , \\F°\\ L2 ). (2.31) 
2.3.6 Conclusion of the proof of Lemma 12.11 

We combine estimates fl2TT5|) . fl2T2B . fl272T|) . ( TX29]) and f l23Tj) . Taking the 
worst terms, one finds the estimate in Lemma [2.11 

2.4 Conclusion of the proof of Proposition 12.11 



By Lemma [2.11 one has that 

Qs(T) <C K T\ log \5\\ (||G°|Ui + ||G°|| L2 ) (1 + ||FV), 

for a constant Ck increasing with K (which could be made explicit for a 
given v). 

On the other hand, the definition of Qs yields the very obvious bound 

Qs(T) < Ck T y/ — log \ 8\ \\G°\\ w x^. 

As Qs(T) depends linearly on G°, one may conclude by interpolation that 
for any fixed G° £ L 2 , there exists an increasing ipo with 

— )• (J, as ^ —7- oo, 

such that 

Q 5 (T)<CVT<M- log 

Note that ip depends on ||G ?0 ||l2 and on the equi-integrability of G° in L 2 . 
As F° £ L 2 , we finally use this estimate for G° = F° and get 

CT 



Qs(T) < ^ I log \S\ \+C K TM- log 
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It only remains to optimize in K by defining 
One still has that 

— > 0, as £ — > oo, 

and 

Qs(T)<TiP(-\og\5\), 
which concludes the proof of Prop. 12.11 



3 Proof of Theorem 11.2 



3.1 Well posedness for the corresponding ODE 

We follow the same steps as for the proof of Th. 11.11 We study the ODE 

jX{t, x, v) = a{V{t, x, v)), -V(t, x, v) = F{t, X{t, x, v), 

X(0, x, v) = x, V(0, x, v) = v. 

As flows the solutions are again required to satisfy 

Property 2 For any t G M the application 

(x, !))6Rxl d 4 (X(t, x, v), V(t, x, »))g1x R d (3.2) 

is globally invertible and has Jacobian 1 at any (x,v) G Ixlf It also defines 
a semi- group 

Vs.tGf, X(t + s,x,v) =X{s,X{t,x,v),V{t,x,v)), 

and V(t + s, x, v) = V(s, X(t, x, v), V(t, x, v)). 



We look again at 



( 1+ 6{T,x,v,\6\y (c 



Rs(T) = log( 1+ ?/m ^ , m , ( sup \X(t,x,v)-X s (t,x,vy 2 

\0<t<T 

+ jT \V(t,x,v) - V 5 {t,x,v)\ 2 dt 
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for any (x, v) G ft a subset of and for a function 5(t, x, v) = 5(t, x, v, \S\ 2 ) 
to be determined later. (X, V) is a solution to (13.1 j) satisfying Property [2] (or 
a regularized problem) and X s , V s verifies 

Either (X s , V s ) is a solution to (EH) (or a regularized version) 

satisfying Property (2J 
Or 3(5i,5 2 ) G R 1+d with |(<M 2 )| < 5, ( °' ' ' 

(X s , V 5 )(t, x, v) = (X, V)(t,x + 8 1 ,v + 5 2 ). 

Theorem 11.21 is a consequence of 

Proposition 3.1 Assume F° G L°° and (II. 6p . For any f2 compact, any 
F° bounded, there exists a function 5(t,x,v,\5\), increasing in time with 
5(0, x,v, \5\) = \5\, such that for any (X, V) solution to (13. ip with F given by 
Eq. ( 11.50 . satisfying Property® and (X s , V s ) satisfying (13.40 . /or all T > 0, 

Rs(T) < CT WF ^ (log(l/|5|)) 3 / 4 , 5(T, x,v, \5\) — ► as |5| -> 0, a.e.(x, v). 



First of all let us order the fj, n decreasingly 

I A*o I > I A*x | > • • • 

Note then that by (Oj) 

||F(M)l|oc < ll^olU XI W < C||^ Q ||oc 

n 

Therefore defining = fi + £?(0,T ||-Fo||oo En 1^1), one has that (X, V) e Q 
for any (x,v) G f2 and i G [0, T]. The same is of course true for (X s , V s ). 
As before problems occur when the velocity of the particle is close to one of 
the propagation velocities £ n . So first of all it is necessary to control the time 
that each trajectory spends near one of those points. 
Denote 

u(w,T),K) = {(x,v) G Q s.t. \{t, \a(V(t,x,v)) - w\ < T]}\ > Kr]}, 
UJ S (w, 7], K) = {(x,v) G Q s.t. \{t, \a(V s )(t,x,v) - w\ < r}}\ > Kr]}. 

The parameter rj will be chosen later but will tend to as \5\ — » 0. Then 
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Lemma 3.1 There exists a constant C depending on H-F ^ and \fj,. 
such that 

C 

\u(w,rj,K)\ < — . 



Proof. Simply write that 

/ ^{\a(V(t,x,v))-w\< v } dxdvdt > Kr]\u{w,r],K)\. 

Juj(w,ri,K) 

On the other hand, using Property 13.21 and the assumption (11.41) on a(v), we 
have 

\\a(v(t,x,v))-w\<r,} dx dv dt < / / \\a(v)-w\<n} dx dv dt 

Jw(w,r),K) JO JQ 



< C\n\rjT, 



for some constant C. 
Finally one concludes that 



\u (w,r),K)\ < C/K. 



For X s , V s , one uses (13. 4p and either they also satisfy (13. 2 p in which case 
the proof is identical. Or one just has to shift (x, v) by 5 and still follow the 
same steps. □ 

Now for a n (to be fixed later), we define 

O n = {v, \a(v) -£ n \ < a n r]}. 

Then for any (x,v), we decompose the time interval [0, T] into I XjV and the 
union UJ^, ^]U...U[^, s n k J with 

I x> v = {t, \a(V(t,x,v)) -£ n | > a n r]/2}, 
sup \a(V) - £ n \ = a n r], inf \a(V) - £ n | < a n rj/2. 

Similarly one defines and the intervals ft™' 5 , s™' 5 ] for i = . . . k 5 n . Note 
that k n and k n depend on (x,v). 
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Define now 

i=0 i=0 

and 



co 5 



(r],K) = {(x,v) e Q s.t. { n > Kri}, 

n 



Similarly to Lemma 13.11 one can deduce 

Lemma 3.2 Assume that ^2 n a n < oo, then there exists a constant C de- 
pending on J2n a n s -t- 

|w(i7,J0l<§, \u s (rj,K)\<^. 



Proof. Simply note that 

u;(r],K) c {(x,v), \{t, V{t,x,v) e \JO n }\ > K v }. 

n 

Then similarly to the proof of Lemma 13.11 

Kr] \u{r],K)\ < / / Ivfa,v)e\j n o n dt dx dv 

Juj(ri,K) JO 

< / %v(t,x,v)e\j n o n dx dv dt = / / I ve \j n o n dx dv 
Jo Jn Jo Jn 

< T \O n \ < Trj y^a ra , 
which shows the result. □ 

We are now ready to define S(t,x,v, \S\). We put 

5(0, x, v, \S\) = \6\, d t 5(0, x,v,\6\) = C \\F\U + l 5 n ). (35) 

n 

Note that from Lemma [3T21 and the fact that r\ tends to as \b\ — > 0, 5 indeed 
converges to for a.e. (x,v). 
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From the computation for Q$ in the proof of Proposition I2.1[ one sees that 
d - Rs( T) <2 f T "<«> " ^ 



dt J A$(t,x,v) 

t 

(F(s, X(s, x, v)) - F(s, X s (s, x, v))) ds dt 
rT d t 5(t,x,v, 1X1 ■ 



o A s (t,x,v) 



dt, 



with 



Ag(t, x, v) =5 2 + sup \X(s, x, v ) — X 5 (s, x, v ) 

0<s<t 



t 

Sf„ „ „.\|2 



+ / \V(s,x,v) - V\s } x } v)\ 2 ds. 
Jo 

Compute 

(F(s,X(s))-F(s,X\s)))ds 

= E f\ F °( X ( S ) - ZnS) - F\X\S) - i nS )) /i n ds 
n J 

(k n k n 
c \\f\u » n J2 l«? - *?l + c Plloc - 
i=0 i=0 

+ / (^(^(«) - W - F°(X 5 (s) - //„ ds 

Now [0, T}\ Ui[tf, sf] U [tl\ si 6 ] is included in an union of intervals of 
the form [s™, [s™' 5 , ij+x], [s^t™ 5 ] or [s™' 5 , t™]. This depends only on 

whether V(s) or V 5 (s) is the first or the last to be such that |a(V)— £ n | = a n r\. 
Assume for instance that the corresponding interval is [s™, 
Define the transforms 

$ n { S ) = X( S ) - £ n S, = X S (s) - £n S 

and note that by definition and $^ are invertible on the corresponding 
interval [s™, Hence denote S n (u) and S^(w) the reciprocal functions. 
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To bound the next integral, we will make a change of variable from s to 
u = $„(s) and then go back to the original variable: 

/ (F°(X(s) - M - F°(X\s) - £ n8 )) ds 
J K, tf +1 ] 

/•*»(*?+!) / 1 I \ 

'List) F(U) WV(S n {u)))-Z n S n {u) ~ a(V'(S'M))-Z n SUu)) du 
■ II pii snp s |X( S )-X 5 ( S )| 

+ F ||oo 



a n r] 



<C^^ / l+1 (|\/( S )-\/ 5 ( S )| + | S -^($„( S ))|)rf S 

a n V Js™ 

sup s \X(s)-X s (s)\ 

+ P ||oo 



a n ?7 

simply by using the Lipschitz regularity of a in v and of V, V s in time. Next 
notice that 

\s ~ S s n ($ n (s))\ = \S 5 n (<S> s n (s) - S s n (<S> n (s))\ < \\S S J W ^ - $ n ( s )| 

^ g sup, |XQQ - X'QQI ^ 

And hence deduce that 

/ (F°(X( S ) - £ nS ) " F°(X 5 ( S ) - CnS)) ds<C 

■/[«?, t"+l] 

T +1 - <fc + (1 + |tr + i - tfl/Kij)) sup |X( S ) - X 5 ( S )| ) . 

(3.6) 



Introducing this estimate, one obtains 



-— r - ds + fcw + + t/(arar?) sup \X(s) - X s (s) 

a n V Jo a n V s<t 

d t 6(t,x,v, \5\) 
o A s (t,x,v) 
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Therefore 

±-R s (T) <C HFIU v/logl/|(J| V — (1 + & n + k s n + l/(a nV )) 
at a n ri 

n 

+ f T \v(t)-v s (t)\j: n ^(in+i 5 n )-d t 5 

Jo A s (t,x,v) 

and from the definition (13.51) of 6 and the obvious bound \V — V s \ < \5\ + 
rllFlloo, one simply gets 



^-RsiT) < C HFIU v^glffl V —(1 + K + k s n + l/(a nV )). 
at / — ' a n rj 



By the definition of the intervals and the fact that V is Lipschitz in time 

\s?-t?\>a n ri/a 

Hence 

CT 

In ^ k n a n Tj/C, or k n < 



a n eta 
So finally 

Rs(T)<CT\\F\\ y i ° S l m V^. (3.7) 

Taking for instance 77 = (log 1 / 1 <5 1 ) ~ 1//s , one indeed concludes the proof of 
Prop. 13.14 provided that it is possible to choose the a n s.t. X^i/W^n ^ s 
finite. 

The only other constraint to satisfy on the a n is that ^2, n a n < oo. By the 
bound (II .6p . one may simply choose a n = n~ 7 / 2 . □ 
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